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Quantum detector properties of the quantum point contact (QPC) are analyzed for arbitrary
electron transparency and coupling strength to the measured system and are shown to be determined
by the electron counting statistics. Conditions of the quantum-limited operation of the QPC detector
which prevent information loss through the scattering time and scattering phases are found for
arbitrary coupling. We show that the phase information can be restored and used for the quantum-
limited detection by inclusion of the QPC detector in the electronic Mach-Zehnder interferometer.
PACS numbers: 03.65.Ta; 03.67.Lx; 73.23.-b
The dynamical process of quantum measurement is a
crucial element of quantum-mechanical evolution [1, 2].
This fact should make it surprising that considerations
related to quantum measurements do not typically play
a role in the theory of mesoscopic conductors despite
the quantum nature of electron transport in them. The
main reason for this is that the dynamics of measure-
ment does not affect single-time averages of individual
operators that are typically studied in mesoscopic trans-
port, and manifests itself explicitly only in the higher-
order correlators, when the state obtained as a result of
a measurement evolves and undergoes subsequent mea-
surements. One example of this in mesoscopic transport
is electron “counting statistics” which determines full sta-
tistical properties of electron transfer through a conduc-
tor and requires an explicit discussion of the measure-
ment procedure [3]. From the point of view of quantum
measurement, the common assumption underlying differ-
ent ways [2, 3] of obtaining this statistics is the statement
that electron states in different electrodes of the struc-
ture after scattering represent classical, non-interfering
events. The purpose of this work is to use this under-
standing to analyze one of the most basic mesoscopic
detectors, the quantum point contact (QPC) beyond the
linear-response regime and show that its properties are
determined by the counting statistics.
The QPC as the charge detector was suggested first
in [4], and studied experimentally in [5]. Currently, the
QPCs are the main detectors used for measurements
of the quantum-dot qubits [6, 7, 8, 9]. Theoretical
description of the QPC detector has been worked out
so far only in situations when the counting statistics
does not play an essential role: in the “tunnel-junction”
limit of small energy-independent transparency D ≪ 1
[10, 11], or for weak coupling to the measured systems
[12, 13, 14, 15, 16, 17, 18]. Here we calculate the detec-
tor properties of the QPC for arbitrary energy-dependent
transparency and for arbitrary coupling. Experimentally,
this case is of interest since the typical measurements
with QPC detectors are done in the regime D ≃ 1/2
which maximizes the detector sensitivity and for coupling
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FIG. 1: (a) Real- and (b) energy-space diagram of the
quantum-point-contact (QPC) detector. The scattering po-
tential Uj(x) for electrons in the QPC, and the current I
driven by the voltage V are controlled by the state |j〉 of the
measured system.
that is not very weak [6].
The operating principle of the QPC detector is that
the state of the measured system is reflected in the elec-
tron current I between the QPC reservoirs (Fig. 1a). For
the QPC to act as a detector, the spectral components of
this current at relevant frequencies should be effectively
classical, i.e., both the “attempt frequency” eV/~, where
V the QPC bias voltage, and the inverse scattering time
τ−10 should be much larger than the typical frequencies
of the measured system. In this case, we can neglect the
system dynamics and assume that its Hamiltonian is van-
ishing. It is convenient then to discuss the measurement
in the basis of the eigenstates |j〉 of the system operator
which couples it to the QPC, with each state producing
its own scattering matrix Sj for the QPC electrons.
Measurement-induced dephasing.—The basic physics
of the measurement process is a trade-off between ac-
quisition of information about the state of the measured
system and back-action dephasing of this system (see,
e.g., [11, 15, 16, 17]). For the quantum-limited detectors,
the rates of the two processes coincide, for less efficient
detectors the dephasing is more rapid than information
gain. We begin by calculating the back-action dephasing
rate for the QPC detector. Evolution in the scattering
process of the total wavefunction |ψ0〉 comprised of the
wavefunction |in〉 of an individual electron incident from
one, say left, electrode, and the wavefunction of the mea-
2sured system,
∑
j cj |j〉, can be represented as
|in〉 ⊗
∑
j
cj |j〉 →
∑
j
cj
(
rj |L〉+ tj |R〉
)⊗ |j〉 , (1)
where |L〉 and |R〉 are the outgoing electron states in the
left and right electrodes, respectively. The transmission
and reflection amplitudes, tj and rj , are the elements of
the scattering matrix Sj:
Sj =
(
rj , t¯j
tj , r¯j
)
(2)
that depends on the state |j〉 of the measured system.
The resulting evolution of the density matrix ρ of the
system, ρ = Trel|ψ0〉〈ψ0|, is obtained by tracing over the
electron states in Eq. (1):
ρjk = cjc
∗
k → cjc∗k(tjt∗k + rjr∗k) . (3)
Equation (3) shows that the absolute value of the off-
diagonal elements ρjk, j 6= k, of ρ are suppressed: |tjt∗k+
rjr
∗
k| ≤ 1, as a result of averaging over the two possible
outcomes of scattering.
We note that the process (3) requires that the state
with energy ǫ in the left electrode is occupied with proba-
bility f1 = fF (ǫ) (where fF is the Fermi function), while
the corresponding state in the right electrode is empty
with the probability 1 − f2, where f2 = fF (ǫ + eV ) (see
Fig. 1b). If both states are empty, there is no effect on the
system density matrix. If both are occupied, they renor-
malize the energies of the measured system and therefore
shift the phase of ρjk. Multiplying all types of evolution
for a number tdǫ/2π~ of different scattering events at en-
ergy intervals dǫ during the time interval t we find that
the density matrix evolves as |ρjk(t)| = |ρjk(0)|e−Γjkt,
where
Γjk = −
∫
dǫ
2π~
ln |f1f2eiα + f1(1− f2)(tjt∗k + rjr∗k)
+ f2(1− f1)(t¯j t¯∗k + r¯j r¯∗k) + (1− f1)(1 − f2)| (4)
is the dephasing rate.
The above heuristic derivation is presented to illus-
trate the measurement by QPC as the process of re-
peated interaction of the system with individual elec-
trons and collection of statistics over the large number
of scattering events, the concept that will be utilized
below. Formally, the equation (4) can be obtained by
starting with the expression for the time evolution of
the density matrix ρ due to interaction with the QPC:
ρjk(t) = ρjk(0)〈eiHkte−iHjt〉, where Hj is the Hamilto-
nian of the QPC electrons which includes the scattering
potential Uj(x) controlled by the measured system, and
the average 〈...〉 is taken over the stationary state of the
QPC. Following the same steps as in the calculations of
the counting statistics [3] one gets in the limit t > ~/eV
ρjk(t)
ρjk(0)
= exp
{∫
tdǫ
2π~
Tr ln[1− f + S†kSjf ]
}
, (5)
where f is the matrix of occupation factors of the incident
electron states: f = diag{f1, f2}. Evaluation of the trace
in Eq. (5) leads to Eq. (4) with eiα = det(S†kSj).
For a two-state system, there is only one rate Γ12 ≡ Γ,
and Eq. (4) generalizes to arbitrary transmission prop-
erties of the QPC previous results for the “back-action
dephasing” rate of the QPC detector obtained for energy-
independent scattering amplitudes tj , rj . Indeed, in this
case, and for vanishing temperature T = 0, Eq. (4) gives
Γ = −(eV/2π~) ln |t1t∗2 + r1r∗2 | , (6)
the expression that reduces to the dephasing rate [10] Γ =
(eV/4π~)(
√
D1−
√
D2)
2 in the tunnel limit, Dj ≡ |tj |2 ≪
1, or to the rate Γ = (eV/2π~)(∆D)2/[8D(1−D)] in the
case of weak coupling ∆D ≡ D1−D2 ≪ (D1+D2)/2 ≡ D
[12, 13], if the coupling modulates only the absolute value
of the transmission amplitude.
Detector counting statistics.—The back-action dephas-
ing rates (4) characterize only one part of the dynamics
of measurement, the other side being the information ac-
quisition by the QPC detector. The information about
the state |j〉 of the measured system is contained in the
distribution of probabilities Pj(n) for n electrons to be
transmitted through the QPC during the time interval
t if the system is in the state |j〉. With increasing t,
the distributions Pj(n) (and, accordingly, the states |j〉)
can be distinguished with more and more certainty since
the differences in their average positions and the widths
grow, respectively, as t and t1/2.
Quantitatively, the rates of information acquisition de-
pend on the information measure used to characterize
distinguishability of the distributions Pj(n). In the con-
text of quantum measurement, it is more appropriate
[19, 20] to use for this purpose the measure given by the
statistical overlap Mjk(t) =
∑
n[Pj(n)Pk(n)]
1/2, which
is related to one of the Re´nyi entropies [21] and not
to the better-known Shannon entropy. At large time,
eV t/~ ≫ 1, when many electrons interact with the sys-
tem, transport becomes a Markovian stochastic process.
The generating functions of cumulants of n are then pro-
portional to time: ln [
∑
n Pj(n) exp(λn)] = tHj(λ). As a
result, the overlap Mjk exponentially decays in time,
Mjk(t) ≡
∑
n
[Pj(n)Pk(n)]
1/2 = exp[−Wjkt], (7)
and one can introduce the notion of the measurement
rate Wjk. A simple evaluation that involves the station-
ary point approximation expresses then the measurement
rate in terms of the generating functions Hj(λ):
Wjk = − (1/2)minλ[Hj(λ) +Hk(−λ)], (8)
which is so far a general result.
For a QPC, the counting statistics results [3] can
be summarized as follows. With probabilities p1 =
3f1(1− f2)Dj(ǫ) and p−1 = f2(1− f1)Dj(ǫ) electrons are
transmitted, respectively, forward and backward through
the QPC changing n by ±1. With the probability
p0 = 1 − p1 − p−1 the charge n is not changed (when
the states in both electrodes are simultaneously empty
or occupied, or the incident electrons are reflected back
into the electrodes). Using the expansion formula for the
probabilities of a polynomial process, (p0+p1+p−1)
N =∑
m±
P (m+,m−) = 1, and inverting it to evaluate the
moment generator
∑
m±
P (m+,m−) exp[λ(m+−m−)] =
[p0+p1e
λ+p−1e
−λ]N for the number of transmitted elec-
trons n = m+−m− per energy interval dǫ = 2π~N/t, we
obtain the generating functions
Hj(λ) =
∫
dǫ
2π~
ln
[
1 + f1(1− f2)Dj(eλ − 1)
+f2(1− f1)Dj(e−λ − 1)
]
, (9)
As shown below, Eq. (9) means that Wjk ≤ Γjk.
Quantum limited detection.—Equations (4), and (7)–
(9) fully determine the detector properties of the QPC.
In particular, they set the conditions for its “ideal” or
quantum-limited operation characterized by the fact that
the quantum coherence between the states |j〉 of the mea-
sured system is suppressed only by the acquisition of
information about them, so that the measurement and
dephasing rates coincide (see, e.g., Refs. [22]):
Wjk = Γjk . (10)
A first, obvious, requirement for this is sufficiently low
temperature T ≪ eV , when electrons pass through the
QPC in only one direction, say from the left to right elec-
trode. The next requirement follows from Eq. (4) which
shows that the dephasing rate Γ can only increase with-
out any changes in the probabilities Pj(n), if the phases
of the scattering amplitudes deviate from the relation
φj = φk , φj ≡ arg(tj/rj) , (11)
under which they do not contain any information about
the measured system. Similarly to the case of weak cou-
pling [15, 16, 17], an important example when Eq. (11)
is true is given by the symmetric potentials: Uj(−x) =
Uj(x). The unitarity of Sj implies then that φj = π/2.
Finally, the last condition of the quantum limited
operation restricts the energy dependence of the QPC
transparencies Dj(ǫ). This condition is irrelevant when
the bias is small, eV ≪ τ−10 , and Dj’s are effectively
constant. In this case, the distributions Pj(n) have
the usual binomial form, P (n) = CnND
nR(N−n), where
N = eV t/2π~ and R = 1 − D. Taking the sum over
n explicitly in Eq. (7) one sees then that if the other
two ideality conditions are also satisfied, the QPC is the
quantum-limited detector with
Wjk = Γjk = − eV
2π~
ln[(DjDk)
1/2 + (RjRk)
1/2] . (12)
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FIG. 2: The QPC detector included in the Mach-Zehnder in-
terferometer: two chiral electronic modes mixing at the two
QPCs (indicated by dashed lines) and accumulating the rela-
tive phase χ between them. The scattering amplitudes tj , rj
of one incident mode in the first QPC are controlled by the
measured system. The interferometer enables one to use the
phase information in these amplitudes for detection.
In what follows we relax the two last requirements and
show how the information contained in the scattering
phases can be extracted using tunable detectors, and how
the energy dependence of the transmission can be opti-
mized to reach the quantum-limited detection even at
large voltages V .
Tunable quantum detector.—If the condition (11) is
not satisfied, the relative phases φj contain informa-
tion about the quantum state that is lost in the mea-
surement process. However, the fact that before the fi-
nal state projection in the course of measurement the
quantum coherence can be preserved and utilized leads
to the following idea of a tunable detector: The in-
formation read via the interaction with the measured
system, |in〉 → Sj |ψj〉, can be manipulated coherently,
e.g. transported to a different location, before detection:
|ψj〉 → |ϕj〉 = Sm|ψj〉. These operations conserve the
dephasing rate, 〈ϕk|ϕj〉 = 〈ψk|ψj〉, but change the mea-
surement rate, and can be used to tune the detector to
the optimal point (10).
Here we consider the QPC detector included in
the electronic Mach-Zehnder (MZ) interferometer [23]
(Fig. 2) as an example of the set-up that provides such
a new mode of operation. In contrast to the case of a
single QPC, where the transmitted and reflected com-
ponents of the electron wavefunction represent different
classical outcomes, in the MZ interferometer, they can be
mixed coherently at the next QPC after accumulating ad-
ditional phase difference χ [24]. The phase information is
converted in the second QPC into the transmission prob-
abilities, and by adjusting χ and transmission Dm of the
second QPC, one should be able to achieve the quantum-
limited detection even when Eq. (11) is not true.
Quantitatively, the transformation of the amplitudes
tj , rj in the output amplitudes t
′
j , r
′
j (Fig. 2) is unitary:
Sm =
(
i(Rm)
1/2 (Dm)
1/2 e−iχ
(Dm)
1/2 i(Rm)
1/2 e−iχ
)
. (13)
For illustration purposes we assume the simplest case
of the measured system having only two states, and
of sufficiently small bias, eV τ0 ≪ 1, when transmis-
sion Dm is energy-independent. If the measured sys-
tem changes only the phases φj (11) of the scattering
4amplitudes, i.e. D1 = D2 = D, the single-QPC mea-
surement rate vanishes. In contrast, the MZ interfer-
ometer converts the phase into the transmission proba-
bilities and the measurement rate can be tuned to the
maximum value (10) even in this case: W = Γ =
−(eV/4π~) ln [1− 4DR sin2 (φ/2))], where φ = φ1 − φ2.
This happens at the optimal point
χ = (φ1 + φ2)/2 , Dm = Rm = 1/2, (14)
where χ is fixed by Eq. (14) only if D 6= 1/2 and only up
to the shift χ→ χ+ π. For D = 1/2, χ is arbitrary.
In general, if D1 6= D2, it is also possible to find the
operating point which turns interferometer in the optimal
detector. For instance, in the linear response regime,
when ∆D = (D1 − D2)/2 and φ are small, one can see
from Eqs. (13) and (12) that this happens when the phase
χ is given by Eq. (14) and
Dm = 1/2− (∆D/2)[(∆D)2 + φ2(DR)3]−1/2. (15)
This equation describes the transition from a maximally-
mixing second QPC for φ ≫ ∆D, as in Eq. (14), when
the measurement information is contained mostly in the
phase, to the situation with no mixing for φ≪ ∆D, when
from the very beginning the information is already in the
transmission probabilities.
Optimization in energy space.—If the bias voltage is
not small, eV τ0 ≃ 1, the condition on Dj(ǫ) for the
quantum-limited operation is found as follows. Eqs. (8)
and (9) imply that the measurement rate W is obtained
by minimizing the function
∫
dǫ ln[(Rj + Dje
λ)(Rk +
Dke
−λ)] with respect to the variable λ. The dephasing
rate (4) can be also written as a minimum of the same
function but taken locally for every energy ǫ. There-
fore Wjk ≥ Γjk with equality reached when the ratio
Dj(ǫ)/Rj(ǫ) has the same energy dependence in all states
|j〉, differing only by the overall scale factor Cj :
Dj(ǫ)/Rj(ǫ) = CjD(ǫ)/R(ǫ) . (16)
This equation determines when the QPC is still the
quantum-limited detector (10) even for large bias V . It
generalizes to arbitrary coupling strength the results of
the linear-response theory [16, 17] obtained when the
measured system simply shifts the energy of the QPC
electrons. Indeed, in this case Eq. (16) reduces to
D′(ǫ) ∝ D(ǫ)R(ǫ) in agreement with Refs. [16, 17].
In the tunnel limit Dj ≪ 1, or for weak backscattering
Rj ≪ 1, Eq. (16) simplifies, respectively, to
Dj(ǫ) = CjD(ǫ) or Rj(ǫ) = C
−1
j R(ǫ) . (17)
These conditions have a simple interpretation. The en-
ergy dependence of Dj(ǫ) or, respectively, Rj(ǫ) deter-
mines the shape and, most importantly, the time delay of
the wavepackets that correspond to individual electrons
(holes) transmitted through the QPC. Equation (17) en-
sures that no information about the system is contained
in the shape or position of these wavepackets that would
be lost in the measurement process which is sensitive only
to the transmission probabilities.
In conclusion, we have analyzed the detector properties
of the QPC beyond the linear-response regime and found
that both the back-action dephasing rate Γ and the mea-
surement rateW are determined by the electron counting
statistics. While generally Γ ≥ W , the quantum-limited
detection, Γ =W , can be reached by using tunable detec-
tors which fully utilize the information in the scattering
phases, and by optimizing the energy dependence of the
transmission probabilities.
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